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We introduce the concept of nearly hyperuniform network (NHN) structures as alternatives to the conventional
continuous random network (CRN) models for amorphous tetrahedrally coordinated solids, such as amorphous
silicon (a-Si). A hyperuniform solid has a structure factor S(k) that approaches zero as the wavenumber k → 0.
We define a NHN as an amorphous network whose structure factor S(k → 0) is smaller than the liquid value
at the melting temperature. Using a novel implementation of the Stillinger-Weber potential for the interatomic
interactions, we show that the energy landscape for a spectrum of NHNs includes a sequence of local minima
with an increasing degree of hyperuniformity [smaller S(k → 0)] that is significantly below the frozen-liquid
value and that correlates with other measurable features in S(k) at intermediate and large k and with the width of
the electronic band gap.
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I. INTRODUCTION

The development of accurate structural models of amorphous silicon (a-Si) and other tetrahedrally coordinated solids
has been an active area of research for the last eight
decades,1–3 but many challenges remain. The structure of a-Si
is approximated well by continuous random network (CRN)
models,2,3 the first of which was introduced by Zachariasen in
1932.1 Conventional CRNs for a-Si are fully four-coordinated,
isotropic disordered networks that contain primarily five, six,
and seven atom rings, while maintaining nearly perfect local
tetrahedral order (narrow bond-angle and bond-length distributions). Predictions derived from CRN models assuming a Keating potential describes the interatomic interactions are in good
agreement with many structural properties of a-Si that are accessible via experiments, including the radial distribution function (RDF) and the phonon and electron density of states,3–5
nearest- and next-nearest-neighbor distances, bond statistics,
ring statistics, etc. These successes are related to the form of
the structure factor S(k) at intermediate wavenumbers k.
In this article, we introduce the concept of nearlyhyperuniform network (NHN) structures and, on the basis of
computer simulations, propose that NHN models may provide
a better description of a-Si, especially after annealing. A
perfectly hyperuniform solid has a structure factor S(k) that
approaches zero as the wavenumber k → 0, implying that
infinite-wavelength density fluctuations vanish.6 The CRN
models based on the Keating model that have been considered
in the past (e.g., Ref. 4) have values of S(k → 0) comparable to
those found in the liquid phase at the equilibrium melting temperature, S(k → 0) ≈ 0.03. We define a nearly hyperuniform
network as a disordered tetrahedral structure whose S(k → 0)
is less than the liquid value at melting. As a practical matter,
we shall be interested in cases where S(k → 0) is substantially
less, by 50% or more, which implies a substantial reduction
in the large-scale density fluctuations and runs counter to the
limitations imposed by the frozen-liquid paradigm.
Employing a novel simulation protocol that is based on
the Stillinger-Weber (SW) potential to model the interatomic
interactions, we generate a spectrum of NHN models and show
1098-0121/2013/87(24)/245204(6)

that the energy landscape includes a sequence of progressively
more hyperuniform minima with values S(k → 0) that are
substantially less than the melting value—by a factor of 2
or more. We further show that the degree of hyperuniformity
correlates with other measurable signatures in S(k) at intermediate and large k and with the width of the electronic band
gap. The simulations suggest that the sequence of states can
be reached through extensive annealing, and more efficiently
when combined with pressure. Companion experiments on aSi will be reported elsewhere7 that lend support to this picture.
While the SW potential has been shown to give a more
realistic description of crystalline silicon,8 the energy penalty
for dangling bonds is not sufficiently large, and hence quenches
from the melt, via molecular dynamics, result in an unrealistic
number of coordination defects. These defects are avoided in
conventional CRN models by using the less realistic Keating
potential that enforces perfect fourfold coordination.
II. METHODS

In our study, we have devised a novel two-step numerical
protocol to produce a spectrum of NHN models that combines
the advantages of the Keating and SW potentials. Step one
is a standard bond-switching annealing procedure using a
Keating potential9 applied to 20 000 atoms within a cubic
box (under periodic boundary conditions) that is augmented
with procedural modifications introduced by Barkema and
Mousseau (BM).4,10 However, unlike the BM CRN model,
we anneal our systems significantly longer (between 2 to
250 times as long as measured by the number of accepted
transpositions) to achieve a sequence of inherent structures
(local potential-energy minima) that have lower energies than
those of the BM model. In the second step of our procedure, we
use our end-state inherent-structure configurations obtained
via a Keating potential (K1, K2, etc.) as initial conditions
for atomic-position rearrangement under a modified SW
potential5,11 at zero pressure via a conjugate gradient method.
We label the corresponding inherent structures of this SW
potential respectively SW1, SW2, etc. With this two-step
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procedure, the resulting structures possess a negligible number
of dangling bonds.
The first step of our two-step procedure involves producing
a highly annealed CRN model based on the Keating potential as
an initial condition for a SW quench. Barkema and Mousseau
used an accelerated and scalable modification of the Wooten,
Winer, and Weaire (WWW) technique12 to produce large
Keating-relaxed CRN models that have been a standard in
the field. We have introduced several improvements to the
Barkema-Mousseau algorithm, which, together with faster
computers, allow us to generate significantly higher quality
CRNs.
The starting point of the WWW technique is a disordered,
perfectly four-coordinated network of atoms in a periodic box.
Following the suggestion by Barkema and Mousseau,4 we
started from a liquid-like configuration to avoid any memory of
an initial crystalline state. This disordered network is evolved
through a sequence of bond switches that are accepted with
Hastings-Metropolis acceptance probability
P = min[1, exp(−Es /kB T )],
where kB is the Boltzmann constant, T is the temperature, and
Es is the change of energy due to the bond switch, evaluated
from the Keating potential:13
3 α 
EKeat. =
(rij · rij − d 2 )2
16 d 2 i,j


3 β 
1 2 2
r
+
·
r
+
.
d
ij
ik
16 d 2 i,j,k
3
Here α,β are the bond-stretching and bond-bending constants
respectively, and d is the equilibrium bond length.
Since the acceptance rate is less than 0.1% in a well
annealed network, it is important to avoid a complete relaxation of trial configurations and reject the proposed move
as soon as it becomes clear that the move will be rejected.
To that end, Barkema and Mousseau have proposed that
a move be rejected if the Keating force exceeds a certain
threshold value.4 In addition, we introduce here a multiscale
local cluster relaxation methodology, which consists of the
following steps:
(1) Only atoms in a small cluster of about 120 atoms around
a switched bond are relaxed, with the bond-switch being
rejected if the energy increases by more than a threshold value
of 0.01 eV per atom in the cluster.
(2) If not rejected in step (1), atoms in a larger cluster of
about 320 atoms around the switched bond are relaxed, with the
bond-switch being accepted or rejected based on the HastingsMetropolis acceptance probability.
(3) Relaxation of all the atoms is performed after about a
hundred accepted moves to relieve any built up stress due to
the local relaxation.
Performing only local relaxations is crucial to the scalability of
the algorithm, while using multiple scales increases efficiency.
An important speed-up is achieved by parallelization. We
use an asynchronous master-worker parallelization paradigm,
where the master proposes transpositions and workers report
on their success, instead of a bulk synchronous parallelization
proposed by Vink et al.10

In our procedure, the annealing temperature is slowly
decreased from about 0.3 eV to about 0.15 eV per silicon
atom. Following Barkema and Mousseau, we performed a
zero-temperature quench every several thousand successful
transpositions at the annealing temperature. During the
annealing-quenching procedure, we varied the ratio of the
two-body and three-body interaction by 5% and the volume of
the system by 3%. We found that a significant speed-up of the
quenches can be achieved by preferentially trying switching
bonds that have the highest strain and the bonds that lie in the
neighborhood of previously successful bond-switches, since
the successful bond-switches often appear in clusters. Several
models K1–K5 at various degree of annealing were produced
whenever the Keating energy per atom showed a substantial
decrease.
The second step of our two-step procedure to create a NHN
model involves finding a zero-pressure inherent structure (local
minimum) associated with a modified SW potential interaction
using the aforementioned Keating configuration as an initial
condition. The SW potential8 involves two- and three-body
interactions of the following form:


v2 (rij ) +
v3 (rij ,rik , cos θij k ),
ESW =
i,j

i,j,k

v2 (rij ) = εf2 (rij /σ ),
v3 (rij ,rik , cos θij k ) = εf3 (rij /σ,rik /σ, cos θij k ),
where



A(Br −p − r −q ) exp[(r − a)−1 ], r < a,
0,
r  a,
f3 (rij ,rik , cos θij k )


1 2
= λ exp[γ (rij − a)−1 + γ (rik − a)−1 ] cos θij k +
,
3
f2 (r) =

where ε = 1.6483 eV, A = 7.050, B = 0.6022, p = 4, q =
0, a = 1.80, λ = 31.5, γ = 1.20, and σ = 2.0951 Å are parameters that were determined from fitting the location of
transverse optic and transverse acoustic peaks to neutron
scattering experiments on a-Si by Vink et al.5
The structure factors S(k) of the generated samples were
evaluated by the sampling volume method. This method is
based on the scaling behavior of density fluctuations presented
by Torquato and Stillinger6 and described in detail by de Graff
and Thorpe.14 It can be viewed as a Fourier transform of the
pair-correlation function g(r) with an appropriately chosen
convergence factor that reduces artifacts due to the finite size
of the model.14
III. RESULTS

In Fig. 1, we show S(0) as a function of the inverse of
the height H of the first scattering peak in S(k) for K (BM),
the Barkema-Mousseau CRN model14 as well as for K3, K5,
SW3, and SW5.15 Importantly, it can be observed that the
K (BM) model is not an endpoint of annealing under the
Keating potential, since further annealing produces a sequence
K1 through K5 along a trajectory where S(0) gets smaller and
the first peak height in S(k) gets larger. Moreover, the models
obtained by then quenching under the SW potential are nearly
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TABLE II. Short-ranged and long-ranged properties of the NHN
models.
Model

σL

SW (BM)
SW1
SW2
SW3
SW4
SW5

FIG. 1. (Color online) S(0) vs the inverse height H of the first
scattering peak for the K (BM) Keating annealed continuous random
network model (Ref. 14) and our Keating annealed models (circles)
and the corresponding Stillinger-Weber quenched models (squares).
The shaded region indicates the nearly hyperuniform range in which
S(k → 0) is below the equilibrium melting value for a-Si; note that
the SW models are substantially below this threshold.

hyperuniform: they have values of S(0) that extend to more
than 50% lower than their K progenitors and substantially
below the value at the melting temperature. They also have
substantially higher radial distribution function (RDF) firstpeak heights (see discussion of Tables I and II below). The
most nearly hyperuniform structure obtained in our anneal
run, SW5, yields S(0) = 0.010 ± 0.002, which represents a
70% reduction in the large-scale density fluctuations relative
to the BM model [S(0) = 0.035 ± 0.001]14 or over three times
more hyperuniform, which is a remarkably large reduction in
the large-scale density fluctuations of the system. We note
that we stopped with K5 because the annealing runs began
to use unreasonable computational time; we believe that more
refined hyperuniform amorphous networks are achievable with
yet longer annealing times.
The SW5 model exhibits other signature features that
correlate with increased hyperuniformity and can be measured
experimentally:
(1) The SW5 structure possesses a bond-angle standard
deviation that is more than a degree lower than that of the
BM model and is in better agreement with recent bond-angle
analysis of monatomic amorphous semiconductors.16
(2) The height of the first peak of S(k) for the SW5 model
is higher than for the BM model, as shown in Fig. 2(a).17
(3) The BM model has a significantly broader first peak in
the RDF g(r) (due to a larger bond-length variation) than the
SW5, as shown in Fig. 2(b).

σA
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(4) For larger wavenumbers, the BM model predicts a
significantly faster decay of the large-k oscillations in S(k)
than does that of the SW5 model,15 as shown in Fig. 3.
(5) Based on a simulations of smaller 1000-atom models
and using a tight-binding model for silicon by Kwon,18 the
electronic band gap increases with increasing hyperuniformity,
as shown in Fig. 4. The width of the isotropic band gaps
are calculated as the difference between the lowest energy
state of the conduction band and the highest energy state
of the valence band. The figure shows that the fractional
band gap width E/E, increases as the SW energy per atom
decreases, which correlates with increasing relaxation and thus
the hyperuniformity. E is the band gap width and E is the
energy of the midpoint of the band gap compared to the lowest
energy valence state. The same absolute gap width, E, also
increases with hyperuniformity.
Table I summarizes the structural properties of the Keatingrelaxed CRN models with progressively higher level of
annealing. K5, the most annealed model, has more than a
degree lower bond angle deviation than Barkema-Mousseau
models4 [K (BM)]. The short-range order of the models

TABLE I. Short-ranged and long-ranged properties of the
Keating-relaxed CRN models.
Model

S(0)

k (A )

2

3

4

5

r (A)

FIG. 2. (Color online) (a) Comparison of the angularly averaged
structure factor S(k) vs wavenumber k for small to intermediate k
for the Stillinger-Weber quenched SW5 model (blue solid curve)
and the Keating annealed K (BM) model (Ref. 4; red dashed line).
(b) Comparison of the first peak in radial distribution function g(r)
vs radial distance r for the K (BM) model (Ref. 4; red dashed curve)
and the SW5 model (blue solid curve).
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TABLE III. Comparison of the ring statistics between the
Barkema-Mousseau CRN model [Ref. 4; K (BM)] and our most
annealed model (K5).

1.4
1.2

Ring order

S(k)
1.0

K (BM)
K5

4

5

6

7

8

9

2.39%
0.99%

45.5%
42.8%

74.1%
85.0%

51.0%
53.9%

15.7%
12.9%

4.1%
2.6%

0.8
6

8

10

12

14

16

18

20

-1

k (A )
FIG. 3. (Color online) The angularly averaged structure factor
S(k) vs wavenumber k at large k for the Stillinger-Weber quenched
SW5 model (blue solid curve) displays larger amplitude oscillations
than the Keating-annealed K (BM) model (Ref. 4; red dashed curve).

improves with annealing. Table I shows the standard deviation
σL of the bond length, standard deviation σA of the bond angle,
limit of the structure factor as k → 0, and the height of the
first-coordination shell peak in g(r).
Table II summarizes the structural properties of the NHN
models derived from the CRN models by a zero-pressure
minimization of the modified Stillinger-Weber potential. The
SW (BM) model is obtained from the Barkema-Mousseau
CRN model4 [K (BM)]. Table II shows the standard deviation
of the bond length, standard deviation of the bond angle,
limit of the structure factor as k → 0, and the height of the
first-coordination shell peak in g(r).
Table III compares the irreducible ring statistics of the
Barkema-Mousseau CRN model4 [K (BM)] and our most
annealed model (K5). Medium-range order significantly improves with annealing, as seen by the increased number
hexagons and smaller number of squares as well as 8 and
9 membered rings.
Table IV shows the average motion of atoms
√N(measured by
2
the configurational proximity metric p12 =
k=1 |ri,k −rf,k | /r0 ,
where ri,k , rf,k are the initial and final positions of atoms in the

SW quench and r0 is the mean nearest-neighbor distance19 ) as
a result of replacing the Keating interaction with the StillingerWeber interaction. This quantifies the configurational distance
of the SW models from their K progenitors. The Keating
energy (ek ) and Stillinger-Weber energy per atom (eSW ) are
shown for the K and corresponding SW model. The SW (BM)
model is obtained from the Barkema-Mousseau CRN model4
[K (BM)].
To ensure that our NHN configurations are truly amorphous,
we analyzed them for the presence of ten-atom cages composed of four adjacent six-rings that constitute a basic building
block of the diamond crystalline structure. Our results show
that the most annealed CRN sample, K5, has 0.02 ten-atom
cages per atom; a tiny fraction compared to the perfect crystal
that has one ten-atom cage per atom. Since the StillingerWeber relaxation produces only negligible amount of topological defects, the results for K models carry over to the corresponding SW models. The ten-atom cages are quite uniformly
distributed throughout the volume, and there are no large clusters. Comparison of our results to a recent study of nucleation20
shows that NHN models are far from crystallization.
Table V shows characteristics of the ten-atom cages of
our models. The results for a crystalline and paracrystalline21
models are shown for reference. The first column shows the
number of diamond cages per atom; the second column shows
the number of clusters of diamond cages per atom; the third
column shows the size of the maximal cluster; the fourth
column shows the average of the clusters; and the fifth column
shows the number of interior cages. Interior cages are defined
as cages whose atoms and neighbors all lie within the same
cluster. Clusters are collections of ten-atom cages in which
each ten-atom cage shares one atom or more with at least one
other ten-atom cage. Cage statistics of the K1-5 and SW1-5
models shows that while our models are significantly more
TABLE IV. Energies per atom of the K and SW models under
different interactions. eSW is given in units of the SW potential energy
scale√ε = 1.6483 eV. eK is given in dimensionless units in which
d = 3/2 and α = d 2 . Energies of the diamond lattice are shown
for comparison. The first column shows the distance of a SW model
from its K progenitor in terms of the proximity metric.
Model

FIG. 4. (Color online) Fractional band gap, E/E vs the average
SW energy per atom eSW in units of ε = 1.6483 eV, where E is
the band gap width and E the energy at the midpoint of the band
gap (measured with respect to the bottom of the valence band). The
value of eSW /ε decreases with increasing hyperuniformity, as shown
in Table IV below; hence, the figure shows that fractional band gap
width increases with hyperuniformity.

SW (BM)
SW1
SW2
SW3
SW4
SW5
Diamond
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Prox. metric

eK (K)

eSW /ε (K)

eSW /ε (SW)

0.723%
0.900%
1.062%
0.952%
1.088%
1.015%

0.02130
0.01864
0.01833
0.01794
0.01685
0.01648
0

−1.7809
−1.8141
−1.8179
−1.8235
−1.8372
−1.8421
−2.0000

−1.8264
−1.8505
−1.8532
−1.8553
−1.8645
−1.8660
−2.0000
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TABLE V. The table shows the number of ten-atom cages per
atom (No. cages); the number of clusters (cl.) per atom; the number of
atoms in the largest cluster; the average cluster size; and the number
of interior cages. The K1-5 and SW1-5 models all contain 20,000
atoms; the crystalline has N and the paracrystalline model has 1728
atoms.

Model
K/SW (BM)
K1/SW1
K2/SW2
K3/SW3
K4/SW4
K5/SW5
Paracryst.
Diamond cryst.

No. cages

No. cl.
per atom

0.9%
1.6%
1.6%
1.6%
1.9%
2.2%
15.5%
100%

6.29 × 10−3
8.30 × 10−3
8.20 × 10−3
8.10 × 10−3
9.15 × 10−3
9.95 × 10−3
4.05 × 10−3
1/N

No. int.
Max cl. Aver. cl. cages
40
77
87
88
48
90
746
N

12.6
14.4
14.6
14.9
15.5
15.7
122.7
N

0
0
2
0
0
0
67
N

relaxed than the BM model, the models are very far from
crystallinity or paracrystallinity.
Table VI shows values of S(0) for a sequence of models that
were obtained by a constant volume SW quench of CRN5 at
various degrees of compression. Compression is expressed in
terms of the relative compression of the linear scale compared
to the linear scale of the sample at zero pressure (SW5). The
uncertainty of S(0) is 0.002.
IV. DISCUSSION

The fact that our annealing-quenching procedure produces
a sequence of NHN models with an increasing degree of
hyperuniformity [i.e., S(0) tending to zero] has deep significance. First, it demonstrates that the energy landscape for
conventional Keating-annealed CRN models, for StillingerWeber quenched models, and, hence, probably amorphous
silicon, has local minima that span a greater diversity of
structures than was previously recognized. It also demonstrates
that, experimentally, it is possible to reach minima that are
more nearly hyperuniform than had been thought achievable.
The density fluctuations as measured by S(0) are not frozen at
the freezing point, but continue to decrease with annealing.
In particular, the value of S(0) cannot be considered a
universal quantity for a-Si or any other amorphous tetrahedral
network, as might be inferred from de Graff and Thorpe.14
For example, while the percentage drop in the energy per
atom in going from the K (BM) model to SW5 is about
23%, the corresponding drop in S(0) is about 50%. Remarkably, the configurational proximity metric,19 which gauges
the average local atomic movement required to transform
one structure into another, is only about one percent of a
bond-length with a corresponding percentage energy drop
of only about 2.4% during our Stillinger-Weber (framework)

quenching step from a Keating potential-annealed CRN to
a SW potential-quenched NHN state, even though the latter
possesses an S(0) that is about one-half the CRN value. This
reveals the importance of collective atomic rearrangements
during the second step of our quenching protocol.
Our findings are completely consistent with recent results
for amorphous metals in which the atomic pair interactions are
isotropic.22,23 In these studies, it has been demonstrated that, on
approach to an inherent structure, S(0) is nearly hyperuniform
and decreases monotonically,22 and that S(0) decreases as the
temperature decreases, i.e., as deeper local minima in the
energy landscape are accessed.23 Thus, the observation that
sampling deeper energy minima are accompanied by increased
hyperuniformity appears to apply to a wide class of disordered
systems (with both isotropic and directional interactions) and
its full elucidation demands attention in the future.
Is it possible to construct a-Si with appreciably smaller
S(0) than reported here or, more ambitiously, reach true hyperuniformity [S(k → 0) = 0]? There are both fundamental and
practical reasons to consider such questions. On the practical
side, our results above suggest that hyperuniform amorphous
tetrahedral network models will have larger electronic band
gaps than typical non-hyperuniform samples.2 Similar ideas
have successfully led to the creation of novel designer materials composed of a hyperuniform disordered arrangement
of dielectric materials that have complete photonic band
gaps.24–27 On the theoretical side, our present computational
results strongly indicate that continued annealing of a-Si
samples improves the degree of hyperuniformity. Moreover,
our simulations suggest that quenching a-Si samples under
increased pressure leads to further decrease of S(0) [see
Table VI for dependence of S(0) on compression].
Perfect hyperuniformity has been observed previously in
disordered systems with hard, short-range isotropic interactions, most notably in a wide class of maximally random
jammed packings.28,29 It has also been found in systems with
soft, long-range interactions; for example, in one component
plasmas30,31 or in the ground states of so-called stealthy
potentials32 that enforce S(k) = 0 for a k in a range [0,kC ],
where kC > 0. The existence of these diverse examples and our
construction here of a sequence of increasingly hyperuniform
configurations suggests that the search for a configuration with
S(k → 0) = 0 is one of the exciting areas for future research.
Even before our numerical studies of NHN models began,
the general theoretical conjectures above stimulated recent
measurements by Xie et al.7 of the structure factor in the
long-wavelength limit for a sample of a-Si synthesized by
direct ion bombardment. These experiments have measured
S(k → 0) to determine the degree of hyperuniformity both
as-implanted and after annealing and have also checked several
other correlated signatures predicted above. The results are
reported elsewhere.7
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