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This paper examines the prospects for quantifying disorder in simple molecular or colloidal systems. As a
central element in this task, scalar measures for describing both translational and bond-orientational order are
introduced. These measures are subsequently used to characterize the structures that result from a series of
molecular-dynamics simulations of the hard-sphere system. The simulation results can be illustrated by a
two-parameter ordering phase diagram, which indicates the relative placement of the equilibrium phases in
order-parameter space. Moreover, the diagram serves as a useful tool for understanding the effect of history on
disorder in nonequilibrium structures. Our investigation provides fresh insights into the types of ordering that
can occur in equilibrium and glassy systems, including quantitative evidence that, at least in the case of hard
spheres, contradicts the notion that glasses are simply solids with the ‘‘frozen in’’ structure of an equilibrium
liquid. Furthermore, examination of the order exhibited by the glassy structures suggests, to our knowledge, a
new perspective on the old problem of random close packing.
PACS number共s兲: 61.20.Ne, 61.43.⫺j, 81.05.Kf

I. INTRODUCTION

A well-developed theoretical and experimental framework is available for studying the structure of regular crystalline solids 关1兴. In contrast, much less is understood about
quantifying the structure of amorphous materials, despite the
fact that nature exhibits disorder on a variety of different
length scales. Examples range from liquids, gases, and amorphous solids to porous rocks, dispersions, soil, and biological
materials such as tissue. In such systems, it is natural to ask
the following question: To what extent can we quantify the
degree of order 共or disorder兲 present in the sample? In other
words, is it possible to develop sensitive numerical measures, so-called order parameters, which can detect the presence of order in a system? In addition to their potential viability as scientific tools, methods for quantifying disorder
promise to play a role in emerging technological developments. Some of the most important examples can be found in
recent medical applications, where it is known that the complex microstructures found in biological materials such as
bone, tissue, microblood vessels, and vehicles for drug delivery, are vital for understanding processes ranging from
tumor growth 关2兴 to the permeation of drugs into the skin 关3兴.
Central to the idea of describing disorder is understanding
the relative placement of different materials in some relevant
order-parameter space. It is clear, on the one hand, that a
truly random system, by virtue of its definition, exhibits no
positional, orientational, or conformational correlations; i.e.,
its structure is that of an ideal gas. On the other hand, a
regular crystalline array is a manifestation of perfect order.
Our experience with real world materials, which are subject
to thermal agitation and structural defects, indicates that
these two extremes are only abstract limiting concepts. Be-
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tween the ideal gas and the perfect crystal, lie imperfect
gases, liquids 共both stable and metastable兲, glasses, defective
crystals, and structures that evolve from nonequilibrium processes, such as irreversible adsorption onto a surface. Depending on the point of view, all such systems exhibit a
certain degree of order 共or disorder兲, and the differences between them can be quite subtle. For instance, the classic
problem of distinguishing between the structures of dense
glasses and polycrystalline materials remains a significant
challenge to materials scientists and engineers 关4,5兴.
The characterization of disordered materials is a particularly difficult task because any reasonably compact description of their structure is necessarily statistical in nature. Such
detailed statistical information can be written down exactly
for completely random or uncorrelated systems 共ideal gases兲
关6兴 in any spatial dimension D. However in real materials,
interactions with other particles, container boundaries, or external fields such as gravity can cause significant deviations
from randomness, which ultimately manifest themselves in
the form of spatial correlations.
The simplest nontrivial model that exhibits strong correlations is the one-dimensional (D⫽1) hard-rod fluid, also
known as the Tonks gas 关7,8兴. The rudimentary form of its
interatomic potential 共pure hard-core repulsion兲 and its topological simplicity relative to models in two and three spatial
dimensions (D⫽2,3) have allowed for a very complete description of its structure. For instance, pair and higher-order
correlation functions 关9,10兴, neighbor distributions 关11–15兴,
density fluctuations 关15兴, void statistics 关16,17兴, and various
aspects of its normal-mode coordinates 关18兴 can be expressed
analytically for the equilibrium 共and in some cases for nonequilibrium兲 ensembles. Unfortunately, a comparable wealth
of statistical information about the structure of most real and
model materials is not available a priori. Rather, order parameters must be determined based on structural statistics
either measured in an experiment 共for instance, via scatter993
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ing, tomography, or microscopy兲 or calculated directly from
a molecular simulation.
For pragmatic purposes, it is desirable if the order parameters to be calculated reduce the available statistical information to scalar measures of order in the material. Simple indices of this sort 共e.g., the Rockwell hardness scale 关19兴兲 have
a long history of providing very practical means for comparing material properties. Recently, we introduced a set of scalar order parameters to quantify disorder in random packings
of spheres and discussed the utility of these measures for
general many-body systems, including liquids and solids
关20兴. In the present paper, we explore the behavior of such
measures to quantify different aspects of ordering in simple
molecular or colloidal systems. These ordering metrics facilitate the introduction of a new concept, the two-parameter
ordering phase diagram, which illustrates the relative placement of a material’s equilibrium phases in order-parameter
space. Perhaps more importantly, we notice that the
ordering-phase diagram can also serve as a means for mapping the degree of order in nonequilibrium 共or historydependent兲 structures as a function of their processing conditions.
We demonstrate the utility of these new concepts by
studying in detail the structure of the three-dimensional hardsphere system via a series of molecular-dynamics simulations. The hard-sphere system is an ideal starting point for
quantifying disorder in materials because it represents the
simplest model material that exhibits both a first-order freezing transition and a glass transition. Moreover, it is known
共see, e.g., Ref. 关21兴兲 that the structures exhibited by many
‘‘real’’ metallic glasses 共such as Ni65B35 , Ni62Nb38 , and
Pd52Ni32P16兲 can be adequately represented by dense random
packings of hard spheres.
In order to quantify the degree of ordering that is exhibited by the hard-sphere system, we analyze structures from
the equilibrium fluid, the equilibrium crystal, and a series of
glasses produced by varying compression schedules. We find
that the results of these calculations provide us with a reference ordering-phase diagram, and herein we discuss the possibility of extending these calculations to investigate further
the connection between intermolecular interactions and ordering. Finally, we note that our detailed investigation of
glassy packings supports a reassessment of the traditional
notion of the random close-packed state.
This paper is organized as follows. In Sec. II we introduce
two simple order parameters for substances that are known to
freeze into a face-centered-cubic crystal. In Sec. III we use
these order parameters to analyze ensembles of equilibrium
and nonequilibrium structures in the hard-sphere system, and
we illustrate these results via a set of ordering phase diagrams. Furthermore, we demonstrate how the ordering phase
diagram can be used as a tool for understanding the effect of
history on disorder in nonequilibrium structures. In Sec. IV
we introduce two ‘‘general’’ order parameters that do not
require a specific crystalline structure as an input. These
measures reproduce qualitatively the features of the original
ordering phase diagram and suggest the possibility of a universal description for simple systems. Finally, in Sec. V we
present some concluding remarks.
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FIG. 1. Two types of ordering that occur in simple systems. 共a兲
Bond-orientational order. This measure contains information about
the orientation of the vectors connecting neighboring particles in
the sample 共left兲. If these orientations persist throughout the structure, as they do in a perfect crystal 共right兲, then the system is considered to be bond orientationally ordered. 共b兲 Translational order.
This measure contains information about the relative spacing of
particles in the system of interest 共left兲 relative to some relevant
crystalline lattice at the same density 共right兲.
II. ORDER PARAMETERS

Perhaps one of the most intuitive means for describing
order in a material is to compare the structure of that material
to some relevant crystalline lattice at the same density. For
the order parameters considered in Sec. II, we focus on systems that are known to freeze into the face-centered-cubic
共fcc兲 crystal. As is well-known, the fcc structure is the stable
crystalline phase for a number of metals, rare gases, and
model systems comprising particles that exhibit steep repulsive forces 共e.g., the Lennard-Jones and hard-sphere fluids兲.
The ideas presented in this section are generalized in Sec. IV,
where two new measures are introduced that do not require a
specific reference crystal structure as an input.
For a collection of spherically symmetric particles, there
are two relatively basic scalar measures of order: translational order and bond-orientational order 共Fig. 1兲. The
former measure contains information about the average relative spacing of the particles; i.e., it detects the extent to
which certain positions in space are preferentially occupied.
The latter measure, bond-orientational order 关22兴, contains
information about the spatial orientation of vectors connecting the centers of neighboring particles. When the orientations of these imaginary bonds persist over macroscopic distances in the sample 共as they do in a perfect crystal兲, then the
material is said to be bond-orientationally ordered. This
should not be confused with molecular orientational order,
which describes the persistence of preferential orientations of
anisotropic particles in a material.
Steinhardt et al. 关23兴 have introduced a set of bondorientational order parameters that are particularly sensitive
to the overall degree of crystallinity in the system. For these
measures, one is obliged to ascribe to each particle i a set of
nearest neighbors. Here, we have defined the set of neighbors
to particle i to be all particles j that lie within a radial distance r i j of the central particle such that 0⭐r i j ⭐r min , where
r min is the first minimum in the radial distribution function
g(r) 关24兴. Historically, the vectors ri j connecting nearest
neighbors, oriented along unit vectors r̂i j , are called
‘‘bonds.’’ The spatial orientations of these bonds with re-
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spect to an arbitrary reference axis are uniquely determined
by the polar and azimuthal angles  i j and  i j . To construct
invariants, one begins by assigning the spherical harmonics
Y lm :
Q lm 共 r̂i j 兲 ⫽Y lm 共  i j ,  i j 兲

共2.1兲

to each bond oriented in a direction r̂i j . These values are
subsequently averaged over all bonds in the sample to obtain
the global orientational order parameters Q lm :
Q lm ⫽ 具 Q lm 共 r̂i j 兲 典 .

共2.2兲

The quantity Q lm still depends on the choice of the reference
frame. However, one can form the combination Q l :
Q l⫽

冉

4
2l⫹1

m⫽l

兺

m⫽⫺l

兩 Q lm 兩 2

冊

共2.3兲

which is a rotationally invariant measure. In our studies, we
will be interested in Q 6 , which has the ideal property that it
should be 1/冑N b for a completely uncorrelated sample 共ideal
gas兲, where N b is the total number of bonds in the system.
Moreover, Q 6 is significantly larger when crystallites are
present in the system, and it attains its maximum value for
space-filling structures in the perfect fcc crystal. For the purposes of this paper, we normalize Q 6 by its value in the
perfect fcc crystal Q fcc
6 ⫽0.57452 to obtain
Q⫽

Q6
Q fcc
6

共2.4兲

.

Note that our normalized bond-orientational order parameter
Q, in the infinite volume limit, scales between 0 共complete
disorder兲 and 1 共perfect fcc ordering兲; thus, it effectively
serves as a ‘‘meter’’ for crystallization in the sample. Moreover, Q is quite large for other common space-filling structures (Q⫽0.6154, 0.8438, and 0.8887 for simple cubic,
hexagonally-close-packed, and body-centered-cubic structures, respectively兲.
In contrast to the bond-orientational order parameters
mentioned above, scalar measures of translational order have
not been well studied. We have recently introduced a translational order parameter T that measures the degree of spatial
ordering in the system of interest, relative to the perfect fcc
lattice at the same density 关20兴. Specifically,

冏

T⫽

NC

兲
兺 共 n i ⫺n ideal
i

i⫽1
NC

兺

i⫽1

冏

,

共spatially uncorrelated spheres兲 and the open fcc crystal lattice, respectively. In our study, we chose to consider the first
seven neighbor shells (N C ⫽7), utilizing a shell-width parameter of ␦ ⫽0.196. Our tests indicate that the consideration
of more neighbor shells does not result in qualitatively different behavior for T. It is worth noting that, like the bondorientational order parameter Q, the translational order parameter T scales between 0 共complete disorder兲 and 1
共perfect fcc spatial ordering兲.
Both order parameters, i.e., T and Q, should be generally
applicable to simple atomic or colloidal fluids 关25兴 that are
known to freeze into the fcc crystal. In Sec. III, we utilize
these measures to investigate ordering in the hard-sphere system.
III. ORDERING IN THE HARD-SPHERE SYSTEM

1/2

,
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共2.5兲

ideal
兲
共 n fcc
i ⫺n i

where n i 共for the system of interest兲 indicates the average
occupation number for the spherical shell of width a ␦ located at a distance from a reference sphere that equals the ith
nearest-neighbor separation for the open fcc lattice at that
density, a is the first nearest-neighbor distance for that fcc
lattice, and N C is the total number of neighbor shells considand n fcc
are the correered 共see Fig. 1兲. Similarly, n ideal
i
i
sponding neighbor shell occupation numbers for an ideal gas

A. Simulation details

In order to generate a representative set of structures in
the hard-sphere system, we have carried out a series of
molecular-dynamics simulations of 500 identical hard
spheres in the canonical ensemble, using a cubic box with
periodic boundary conditions. In these simulations, we have
analyzed configurations from the equilibrium fluid, the equilibrium fcc crystal, and a set of history-dependent glassy
structures produced by the well-known method of Lubachevsky and Stillinger 关26–28兴.
Glassy structures created from the Lubachevsky-Stillinger
protocol are termed history dependent because their properties depend explicitly on the initial conditions of the fluid
and the rate of densification. Specifically, the procedure is
initialized with a set of sphere positions and velocities that
are extracted from a ‘‘snapshot’’ of the equilibrium fluid at
low density. Then, during the course of an otherwise standard constant-volume molecular-dynamics simulation, the
sphere diameter  (t) is increased linearly in time t. The
process terminates in a jammed state in which  (t) can no
longer increase in time without sphere overlap, the collision
rate diverges, and no further densification can be achieved
without first decompressing and relaxing the system. We
identified the jammed state as having occurred when the
sphere diameters stabilized despite continuing collisions
关26兴. We note in passing that the collision dynamics of this
compression protocol differ from conventional elastic sphere
dynamics because the colliding spheres must be given an
extra impetus, along the line connecting their centers, to ensure that their surfaces are moving apart after the collision.
The details of the alternative dynamics are relatively easy to
implement and are outlined in the original reference 关26兴.
The dimensionless compression rate ⌫ is given by
⌫⫽

冉 冊冑
d共 t 兲
dt

m
,
k

共3.1兲

where m is the mass of a sphere, k is Boltzmann’s constant,
and  is the temperature. Note that the compression rate ⌫
controls the processing history for the hard-sphere glasses
formed by this protocol, and its role is analogous to that of
the cooling schedule in experimental glasses. In fact, Speedy
关29兴 has recognized that the dimensionless compression rate
⌫ is related to a laboratory 共isobaric兲 cooling rate (   /  t) P :
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FIG. 3. Final packing fraction  in the glassy structures as a
function of reciprocal compression rate ⌫ ⫺1 . The black circles represent an average of 27 glasses produced at each rate. The dashed
line is a linear fit to the data.

order 105 –106 K/s 关31兴兲, very thin surface layers can be
quenched at ultrarapid rates (1014 K/s) by pulsed laser
quenching 关32兴.
The amount of computation time required for executing
the Lubachevsky-Stillinger compressions can be significantly
reduced if the runs are initiated from equilibrium fluid configurations at a finite packing fraction  共in this case we
chose  ⫽0.30). Here,  is defined as the fraction of the
total volume V occupied by the N spheres, i.e., 
⫽  3 N/6V. We have found that the glassy structures
formed from this initial condition are virtually indistinguishable from glasses compressed at the same rate ⌫ from the
ideal gas, i.e.,  (t⫽0)⫽0.
B. Hard-sphere glasses
FIG. 2. Glassy structures generated using the LubachevskyStillinger protocol. Structures are shown with packing fractions 共a兲
 ⫽0.646, 共b兲  ⫽0.667, and 共c兲  ⫽0.692 generated from dimensionless compression rates ⌫⫽0.01, 0.001, and 0.0005, respectively.

冉 冊

t

⫽⫺3⌫ 
P

冉

d ln关 P/  cp k  兴
d ln 

冊冑

k
m2

,

共3.2兲

where P is the pressure,  ⫽N/V is the number density,  cp
⫽ 冑2/  3 is the number density for the close-packed fcc crystal, N is the number of spheres, and V is the system volume.
Using Speedy’s estimate 关29兴 from molecular simulations
d ln关 P/cpk兴/d ln ⬇4.7 at  ⫽1.1 ⫺3 , a temperature of 
⫽273 K, and both the stoichometrically averaged mass m
⫽19.95 g/mole and the effective hard-sphere radius 
⫽2.025 Å 关21兴 for Ni65B35 yields an estimated quench rate
of (   /  t) P ⬇⫺6⌫⫻1015 K/s. In this paper, we focus on
dimensionless compression rates that span the range 10⫺4
⬍⌫⬍10⫺2 , corresponding roughly to cooling rates in a
range (1012 K/s⬍(   /  t) P ⬍1014 K/s), values which are
typical for molecular simulations 关30兴. We note that while
many standard techniques for metallic glass production 共e.g.,
melt spinning兲 generate more modest cooling rates 共of the

Three-dimensional representations of typical glassy structures generated by a variety of compression rates are shown
in Fig. 2. The first structure 关Fig. 2共a兲兴 is a glassy packing
that was generated using a dimensionless compression rate
of ⌫⫽0.01. It has a packing fraction of  ⫽0.646, which
roughly corresponds to what has been traditionally termed
the random close-packed state 共see, e.g., 关33兴兲, and appears
to be quite amorphous. Denser jammed structures can be
formed in the hard-sphere system 关see Figs. 2共b兲 and 2共c兲兴 by
reducing the compression rate and thereby allowing the
spheres to find more compact configurations. This increase in
density, however, is achieved at the expense of increased
order in the sample.
The dependence of the limiting packing fraction  on the
reciprocal compression rate ⌫ ⫺1 is illustrated in Fig. 3.
Shown are the average packing fractions obtained from 27
compressions at each of 9 different compression rates. It is
clear that slow compressions result in packings that are both
very dense and 关as can be deduced from Fig. 2共c兲兴 conspicuously ordered. In fact using extremely slow rates (⌫
⬍10⫺4 ), we have produced fcc crystals by the LubachevskyStillinger protocol that were within 1% of the close-packed
limit of  C P ⫽  /(3 冑2)⬇0.74 共not shown in Fig. 3兲. In contrast, rapid compressions create lower density, more disordered packings. A linear fit to the data in Fig. 3 extrapolates
to a packing fraction of  ⬇0.64 in the limit of infinite compression rate.
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In the context of equilibrium 共or metastable兲 hard-sphere
systems, one generally considers two natural limiting highdensity states: the fcc close-packed structure (  ⫽ 冑2  /6
⬇0.74) and the random close-packed state (  ⬇0.64). However, Fig. 3 clearly demonstrates that these limiting states for
the hard-sphere system represent a very small subset in a
virtual continuum of jammed structures that span the highdensity range 0.64⬍  ⬍0.74. Moreover, we see that the final
packing fraction and, subsequently, the degree of ordering in
the sphere packings created by the Lubachevsky-Stillinger
protocol can be statistically controlled by the compression
rate ⌫.
It should be noted that the jammed hard-sphere structures
with the lowest density for spatial dimensions D⬎1 have yet
to be identified. A number of interesting examples of lowdensity jammed structures for D⫽2 共hard disks兲 have been
noted by Lubachevsky et al. 关27兴. For D⫽3 共hard spheres兲,
the close-packed cubic lattice 共contained by rigid boundaries兲 with a packing fraction of  ⫽  /6⬇0.52, is an obvious example, but it is most likely not the lowest-density
jammed structure. To investigate this interesting open issue,
we are currently developing simulation techniques for generating jammed hard-sphere packings in the low-density
range (  ⬍0.64).
C. Ordering phase diagrams

An interesting question to pose about a given material is
the following: How do its various equilibrium and glassy
structures rank in terms of the degree of order they exhibit?
In other words, for a system with a given intermolecular
potential, our goal is to construct a diagram that illustrates
the relative placement in order parameter space of the equilibrium and nonequilibrium structures. Figure 4 illustrates
two such ordering phase diagrams for the hard-sphere system. In particular, the dependence of the translational and
bond-orientational order parameters, T and Q, on packing
fraction  共as measured in our molecular dynamics simulations兲 is plotted for the equilibrium liquid, the equilibrium
fcc crystal, and the series of history-dependent glasses from
Fig. 3.
As should be expected, the translational order parameter T
in the equilibrium fluid vanishes at low density. However, T
increases monotonically as the system is compressed toward
the freezing transition (  f ⬇0.494), indicating that the increase in density imparts a significant amount of short-range
order to the fluid. A discontinuous jump in the order parameter is observed upon freezing to the equilibrium crystal, as
is consistent with a first-order phase transition. In the crystal,
T is less than unity at the melting point (  m ⬇0.545) because
of thermal motion, but the crystal becomes increasingly ordered as it is compressed, approaching T⫽1 for the closepacked fcc structure at  C P ⬇0.74.
Having established the relative placement of the equilibrium phases on the ordering phase diagram, one can begin to
consider plotting the positions of the nonequilibrium structures on the diagram as a function of their processing conditions. Figure 4共a兲 illustrates the effect of compression rate
⌫ on both the translational ordering T and the packing fraction  of the glassy structures generated from the
Lubachevsky-Stillinger protocol. There are two salient fea-

FIG. 4. Ordering phase diagrams for the hard-sphere system. 共a兲
Translational order parameter T vs packing fraction  . Shown are
the equilibrium fluid 共dot dashed兲, the equilibrium fcc crystal
共dashed兲, and the set of history-dependent glasses 共circles兲 from
Fig. 3. The degree of ordering in the coexistence region can be
determined by a simple lever rule 共not shown兲. Note that both the
degree of order and the final packing fraction of the glassy structures can be statistically controlled by the compression rate ⌫. The
freezing and melting transitions are indicated by the black triangle
and black square, respectively. 共b兲 Bond-orientational order parameter Q vs packing fraction  . Symbols are identical to those presented in 共a兲.

tures of the glassy structures in this plot. First, the amount of
translational order in the glasses can be statistically controlled by the compression rate. Second, there is no unambiguous division between amorphous and polycrystalline
packings; i.e., ordering in jammed structures is a matter of
degree.
It is interesting to note that the random close-packed state
has historically been considered to be the densest amorphous
packing that a collection of spheres can attain. However, our
simulation results indicate that this definition cannot be made
mathematically precise in light of the fact that one can always create slightly denser packings at the expense of small
increases in order. In another paper 关20兴, we demonstrated
how the ordering phase diagram suggests replacing the wellaccepted notion of random close-packing with a new concept, termed the maximally random jammed state, which can
be made precise and provides fresh insights into the nature of
disorder in glassy systems.
Figure 4共b兲 is the ordering phase diagram for the bondorientational order parameter Q in the hard-sphere system
关34兴. Notice that the density dependence of Q is qualitatively
similar to that of the translational order parameter T.
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FIG. 5. Two-parameter ordering map for the hard-sphere system. Shown are the coordinates in order parameter space (T,Q) for
the equilibrium fluid 共dot dashed兲, the equilibrium fcc crystal
共dashed兲, and the set of history-dependent glasses 共circles兲 from
Fig. 3. Along each of these sets, packing fraction  increases from
left to right. Unlike the equilibrium state points, the positions of the
glassy structures in order parameter space are determined by the
processing conditions 共in this case, the compression rate ⌫). As in
Fig. 4, the freezing and melting transitions are indicated by the
black triangle and black square, respectively.

Namely, we see minimal ordering in the equilibrium fluid, a
discontinuous jump in the order parameter upon freezing,
and a crystal whose degree of order systematically increases
with packing fraction  . Moreover, the behavior of Q affirms
the conclusion that glassy packings can span from ‘‘liquidlike’’ to ‘‘crystal-like’’ configurations, with the precise degree of order in the jammed structures being statistically controlled by the compression rate ⌫.
We can gain some further insight into the nature of ordering in the hard-sphere system by studying the correlation
between translational and bond-orientational order in various
structures. Practically speaking, this can be accomplished by
constructing a two-parameter order map (T vs Q) which
illustrates the relative placement in order parameter space of
the equilibrium phases and the nonequilibrium glassy structures 共see Fig. 5兲. One striking feature of the order map
shown in Fig. 5 is the strong positive correlation that exists
between T and Q for the equilibrium fluid and crystalline
phases. In addition, we see that the fluid and the fcc crystal
are separated by a large gap in order parameter space that
serves as a ‘‘no man’s land’’ for the pure equilibrium phases.
Interestingly, packings that exhibit coordinate pairs (T,Q) in
the no man’s land can be generated if we resort to nonequilibrium methods of preparation such as the LubachevskyStillinger compression protocol.
The notion that there is a large region of order parameter
space (0.15⬍T⬍0.40 and 0.1⬍Q⬍0.8) populated by the
glassy structures but not visited with any statistical significance by the pure equilibrium phases, is very intriguing. In
other words, the degree of order exhibited by the sphere
centers in the glassy packings is noticeably greater than that
of the equilibrium fluid at the freezing transition and, simultaneously, less than that exhibited by the equilibrium fcc
crystal at the same packing fraction  . This indicates that
certain nonequilibrium packings can be distinguished from
the equilibrium system based on structural information
alone, e.g., T and Q. Moreover, the results seems to contra-
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dict 共at least for the hard-sphere system兲 the commonly held
notion that glasses are simply solids with the ‘‘frozen in’’
structure of an equilibrium liquid 关35兴. It is important to
realize that, since temperature plays a trivial role in hardbody systems, hard-sphere glasses must be formed by compression and necessarily have a higher packing fraction 
than the corresponding equilibrium fluid. Nevertheless, it is
reasonable to expect that a similar degree of ordering would
arise in glasses formed by the rapid cooling of a dense
simple liquid 共e.g., the Lennard-Jones fluid兲, where the structure is dominated by repulsive forces. Of course, the extent
to which these results can be extended to systems with attractive interactions is an interesting open question which
merits further investigation.
In this paper, we note that the nonequilibrium glassy
structures are more ordered than those found in the equilibrium fluid. In fact this result was anticipated in an earlier
paper 关36兴, where it was shown that the familiar split-second
peak seen in hard-sphere glasses develops from a weaker
shoulder in the equilibrium fluid and is associated with a
substantial increase in orientational ordering. We note in
passing that by biasing the system, one can construct an ensemble of nonequilibrium hard disk packings (D⫽2) that
are significantly more disordered than the corresponding
equilibrium fluid structures at the same packing fraction 关37兴.
Although we have concentrated on a highly idealized
model system in this paper, the two-parameter order map
suggests some challenging scientific questions about real materials and indicates several specific areas that deserve further investigation. First of all, it is clear that there exist large
sets of coordinate pairs (T,Q) in order parameter space, i.e.,
certain types of ordering, which for some systems are completely 共or at least statistically兲 inaccessible. Can we understand the relationship between these inaccessible regions and
the relevant interactions in the system? Moreover, can we
use the order map as a general guide for classifying the relationship between the morphology of more complicated
glassy systems and their processing history? What if a material’s crystal structure is unknown? We are currently investigating the first two questions in our research, while the
third question is the subject of Sec. IV in this paper.
IV. CRYSTAL-INDEPENDENT MEASURES

Up to this point, we have relied on the notion that ordering in a system should be measured relative to some specific
crystal structure. This approach, while useful for the simple
systems we have considered, is less than satisfactory for materials with either multiple crystalline phases or for which the
crystal structure is unknown. In these more complicated systems, one must generally find measures that have the ability
to detect the presence of growing spatial correlations in the
system without a priori knowledge about the structure of the
crystalline phase. In this section, we present two very simple
examples of prospective crystal-independent measures and
compare them to the translational and orientational metrics
introduced in Sec. II.
The first quantity that we consider is a translational order
parameter T * , which provides a measure of the local-density
modulations in the system
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T *⫽

冕

C

 1/3

兩 h共  兲兩 d 

 C ⫺  1/3

.

共4.1兲

Density-density correlations are detected with this measure
by integrating over the absolute value of the total correlation
function h(  )⫽g(  )⫺1, where g(  ) is the radial distribution function,  ⫽r  1/3 is the radial coordinate r scaled by the
cube root of the number density  ⫽N/V, and  C is a numercial cutoff which is limited by the size of the simulation box
共for our simulations, we chose  C ⫽3.5). Here, we have
taken the liberty of using the rescaled radial coordinate  so
that the integral appearing in Eq. 共4.1兲 sums over an equivalent number of coordination shells at each density.
Note that for systems comprising molecules with attractive interactions, the total correlation function h(r) becomes
long-ranged in the vicinity of the liquid-vapor critical point.
This may result in an increase in T * , defined by Eq. 共4.1兲,
when in fact no significant molecular ordering will have occured. Of course, since we are concerned with the hardsphere system in this paper, the behavior of T * in the vicinity of a critical point is of no immediate concern.
Nevertheless, understanding the behavior of T * near both the
freezing transition and the critical point is a crucial step towards determining its general viability as an order parameter,
and it is an issue we are currently investigating.
Another interesting statistical quantity that one can measure in a simulation is the two-body excess entropy s (2)
given by 共see Refs. 关38–40兴兲
s (2) ⫽⫺

k
2

冕

999

dr兵 g 共 r 兲 ln g 共 r 兲 ⫺ 关 g 共 r 兲 ⫺1 兴 其 .

共4.2兲

This measure is essentially the multiparticle correlation function expansion of the excess entropy 共relative to an ideal gas
at the same density兲 truncated at the two-body terms. This
expression was first derived by Nettleton and Green 关38兴 in
the grand-canonical ensemble, and Baranyai and Evans 关40兴
later demonstrated that the quantity is indeed ‘‘ensembleinvariant.’’ When truncated at the two-body terms, the series
has been shown to be a reasonable approximation for the full
excess entropy in several model liquids 关40,41兴. It has also
been directly measured in simulations of nonequilibrium
steady shear flows 关42兴.
Since s (2) ⫽0 for completely disordered systems 共i.e., the
ideal gas兲 and becomes large and negative for ordered structures (s (2) →⫺⬁ for perfect crystalline arrangements兲, it
may seem to provide a practical measure of disorder in the
system. In the context of the present paper, we are interested
in order parameters, and thus we focus on the dimensionless,
positive-definite 关43兴 quantity ⫺s (2) /k. It should be noted
that although the integral appearing in Eq. 共4.2兲 must be
truncated when measured in a simulation box of finite size, it
is known that the quantity measured will be a lower bound
关40兴 on ⫺s (2) that is indeed very tight in the liquid phase.
Figure 6 illustrates the ordering phase diagrams for the
hard-sphere system prepared using the two order parameters
introduced in this section, T * and ⫺s (2) /k. Notice that these
measures provide a description of the system that is qualitatively similar to that seen in Fig. 4. Specifically, we see that

FIG. 6. Ordering phase diagrams for the hard-sphere system
using the crystal-independent measures introduced in the text. 共a兲
Alternative translational order parameter T * versus packing fraction
 . Shown are the equilibrium fluid 共dot dashed兲, the equilibrium fcc
crystal 共dashed兲, and a set of glasses 共circles兲 whose structure depends on the compression rate ⌫. The freezing and melting transitions are indicated by the black triangle and black square, respectively. 共b兲 The magnitude of the excess 共two body兲 statistical
entropy ⫺s (2) /k versus packing fraction  . Symbols are identical to
those presented in 共a兲.

both measures indicate a low degree of ordering in the equilibrium fluid, a discontinuous jump in the order parameter
upon freezing into the crystal, and a equilibrium crystal
whose degree of order systematically increases with packing
fraction  . Once again, the order paramater plots indicate
that the degree of order and the packing fraction  in the
glassy structures can be statistically controlled by the compression rate ⌫.
One important caveat concerning s (2) is its inability to
distinguish between certain basic varieties of sphere packings. As can be seen in Eq. 共4.2兲, the presence of delta functions in the radial distribution function g(r), will result in a
divergence in the two-body entropy (s (2) →⫺⬁). This divergence, which is a well-known feature of the entropy in
highly compressed, classical rigid particle systems 关44兴, limits the utility of s (2) as an order parameter in many cases. For
instance, the two-body entropy will not be able to distinguish
between alternative perfect crystal structures and a number
of hard-sphere packings in the ideal ‘‘jamming’’ limit 关20兴.
As a final remark, we note that the order parameters, introduced in this paper, by no means exhaust the possibilities
even for simple systems. For instance, we have focused only
on the ‘‘global’’ versions of the translational and bondorientational order parameters T and Q. Clearly one can ex-
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amine ‘‘local’’ versions of these quantities t and q and their
associated spatial correlations. For instance, we can define a
local version t of the global translational order parameter T
given by Eq. 共2.5兲 for each atom in the system

冏

T L⫽

NC

兲
兺 共 n i ⫺n ideal
i

i⫽1
NC

兺

i⫽1

冏

共4.3兲

.

ideal
兲
共 n fcc
i ⫺n i

Using this local definition, a correlation function G t (r)
can be constructed
G t共 r 兲 ⫽

具 关 T L 共 0 兲 ⫺T̄ L 兴关 T L 共 r 兲 ⫺T̄ L 兴 典
具 关 T L 共 0 兲 ⫺T̄ L 兴关 T L 共 0 兲 ⫺T̄ L 兴 典

,

共4.4兲

where the angular brackets indicate an average over all particles separated by a scalar distance r and T̄ L signifies an
average over all atoms in the system. By tracking the spatial
decay of the correlation between local translational ordering
关as is done for g(r) in Eq. 共4.1兲兴, a new measure of translational ordering is obtained. Of course, a similar correlation
function can be defined for the local bond-orientational order
parameter q 关23兴:
G q共 r 兲 ⫽

1
13

6

兺

m⫽⫺6

* 共 r 兲 q 6m 共 0 兲 典具 q 00
* 共 r 兲 q 00共 0 兲 典 ⫺1 ,
具 q 6m
共4.5兲

where * denotes complex conjugation, and the angular
brackets indicate an average over all bonds separated by a
scalar distance r. Here, the q lm are the spherical harmonics
computed according to the orientation of each individual
bond with respect to an arbitrary reference axis. Once again,
the spatial decay of G q (r) will provide a measure of the
persistance of bond-orientational order in the system.
In either case, since there is no single and complete scalar
measure of order in a material, the order parameters one
chooses are unavoidably subjective. Nevertheless, it is striking to see that the set of measures presented here give a
seemingly unified picture for ordering in the purely repulsive
hard-sphere system. Understanding the sensitivity of this picture to changes in intermolecular interactions, therefore, represents the next major challenge for quantifying disorder in
condensed-phase systems.
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sensitive measures have facilitated the introduction of a new
concept, the two-parameter ordering map, which illustrates
the relative placement in order parameter space of a material’s equilibrium phases. In addition, the ordering phase diagram allows one to map out the degree of order in historydependent structures, e.g., glasses, as a function of their
processing conditions.
We have demonstrated that there is a large region of the
two-parameter (T⫺Q) order parameter space that serves as
a no man’s land for the pure equilibrium phases. In other
words, there are certain degrees of ordering that are not realized by the hard-sphere system under equilibrium conditions. However, we demonstrate that glassy structures that
exhibit this ‘‘intermediate’’ type of order can be produced by
nonequilibrium methods such as the compression protocol of
Lubachevsky and Stillinger. This contradicts the common
notion that hard-sphere glasses exhibit the frozen in structure
of the equilibrium liquid. Furthermore, this paper indicates
that certain nonequilibrium glassy structures can be distinguished from the equilibrium liquid based on structural information alone.
A detailed analysis of jammed structures, produced by the
protocol of Lubachevsky and Stillinger, indicates that there
is no unambiguous division between amorphous and polycrystalline glasses. In fact, the degree of ordering in those
systems 共spanning from ‘‘liquidlike’’ to ‘‘crystal-like’’兲 can
be statistically controlled by the compression rate. That is to
say, slightly denser packings can be created at the expense of
arbitrarily small increases in order. Therefore, as we have
demonstrated elsewhere in more detail 关20兴, the traditional
notion of the random close-packed state should be reassessed.
Finally, we have demonstrated that there is a distinct ordering phase diagram that exists for the purely repulsive
hard-sphere system, whose qualitative form is reproduced by
all of the order parameters investigated in this paper. Predicting how the form of this diagram depends on the details of
the interactions in a given system remains a fundamental
challenge to understanding ordering in condensed-phase systems.
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