Article
pubs.acs.org/JPCB

Cite This: J. Phys. Chem. B 2018, 122, 8462−8468

Inverse Design of Colloidal Crystals via Optimized Patchy
Interactions
D. Chen,† G. Zhang,† and S. Torquato*,†,‡,§,∥
Department of Chemistry, ‡Department of Physics, §Princeton Institute for the Science and Technology of Materials, and ∥Program
in Applied and Computational Mathematics, Princeton University, Princeton, New Jersey 08544, United States

Downloaded via PRINCETON UNIV on September 6, 2018 at 18:44:28 (UTC).
See https://pubs.acs.org/sharingguidelines for options on how to legitimately share published articles.

†

ABSTRACT: Inverse statistical mechanics is a powerful optimization methodology that has been
widely applied to design optimal isotropic pair interactions that robustly yield a broad spectrum of
target many-particle conﬁgurations or physical properties. In this work, we generalize inverse
techniques to design experimentally realizable spherical colloidal particles with optimized “patchy”
anisotropic interactions for a wide class of targeted low-coordinated two-dimensional crystal
structures that are defect-free. Our target crystals include square, honeycomb, kagomé, and
parallelogrammic crystals. The square, honeycomb, and kagomé crystals possess desirable photonic,
phononic, and magnetic properties, which are useful for a wide range of applications. We demonstrate
that these target conﬁgurations can be robustly achieved with relatively few defects at suﬃciently low
temperatures. Our ﬁndings provide experimentalists with the optimal parameters to synthesize these
crystals with patchy colloids under standard laboratory conditions.

Anisotropic pair interactions oﬀer greater ﬂexibility to achieve
targeted structures both theoretically as well as experimentally.
However, the application of inverse methods to optimized
directional (anisotropic) interactions is still in its infancy. We are
aware of only one such previous work due to Escobedo,22 which
involves nonspherical particles and anisotropic interactions that
were optimized over a single parameter.
Here, we extend our inverse approach to design many-particle
systems of spherical colloidal particles with optimized “patchy”
anisotropic interactions. As a proof-of-concept, we consider a
wide class of targeted low-coordinated crystals in two
dimensions that are defect-free. Obtaining defect-free versions
of these crystals is nontrivial and requires a delicate search of the
parameter space. A major motivation for this study is that patchy
colloidal particles can be readily fabricated in experiments and
have been shown to be able to self-assemble into a variety of
interesting structures.23−32 For example, in a pioneering work,
Chen et al.28 synthesized colloidal particles that self-assembled
into a four-coordinated kagomé crystal with electrostatic
repulsion in the middle and hydrophobic attraction at the two
pores. Romano and Sciortino29 subsequently reproduced these
experimental ﬁndings via computer simulation by modeling the
particles as hard spheres with two attractive patches. Such
spheres were constrained to move on a ﬂat surface, but
nonetheless could rotate freely in three dimensions.29
We consider technologically relevant two-dimensional (2D)
target crystals, including the square, honeycomb, kagomé, and
parallelogrammic crystals. The honeycomb and kagomé crystals
possess desirable photonic band gap properties, which are useful

I. INTRODUCTION
More than a decade ago, Rechtsman, Stillinger, and Torquato
initiated the inverse statistical mechanics approach to design
optimal isotropic pair interactions that yield novel target crystal
structures as ground states.1−3 It was demonstrated that such
inverse optimization methods could robustly stabilize lowcoordinate crystal structures, such as the honeycomb1,2 and
square2 lattices in two dimensions and the simple cubic lattice in
three dimensions.3 In this inverse approach, a target manyparticle conﬁguration in d-dimensional Euclidean space d or a
target physical property is ﬁrst speciﬁed, and then one attempts
to ﬁnd a parameterized total potential energy Φ(rN) under
certain constraints that achieve the targeted behavior(s),1 where
rN = r1, r2, ..., rN denotes the conﬁgurational coordinates of N
particles within a fundamental cell under periodic boundary
conditions. This inverse procedure is to be contrasted with the
conventional forward approach,4−8 where one ﬁrst speciﬁes the
total potential Φ(rN) and then probes the structures in its phase
diagram.
Since 2005, a variety of diﬀerent groups have adopted this
inverse approach to design novel targeted many-particle
conﬁgurations with desirable bulk physical properties through
the use of isotropic pair potentials.2,3,9−21 These structures
include low-coordinated crystals as ground states (such as the
kagomé, rectangular, and rectangular kagomé crystals in 2 (see
refs 12, 13, and 17) and diamond, wurzite, and CaF2 crystals in
3 (see refs 9, 16, and 17), and those with excited-state
properties (such as negative thermal expansion10 and negative
Poisson ratio11). These ﬁndings demonstrated the surprisingly
rich capacity of isotropic pair potentials to stabilize a broad class
of structures. However, experimental realization of such
interactions remains challenging because they generally possess
complex functional forms.
© 2018 American Chemical Society
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determine the optimal values. Speciﬁcally, we ﬁrst use a large
grid to search a large portion of the parameter space. For each set
of parameter values, we run a forward simulated annealing to
determine the corresponding low-temperature equilibrium
structure formed by the self-assembly of the patchy particles,
as detailed below in Section II(C). Afterward, we visually inspect
all of the resulting structures, and then proceed to the next stage
and use a smaller grid to search in the vicinity of the promising
candidate values found in the previous stage. We repeat this
process and gradually reduce the grid size until we ﬁnd a set of
parameter values that lead to relatively defect-free target crystals.
By “relatively defect-free”, we mean obtaining perfect crystals for
small system sizes (typically for N ≤ 100) and crystals with less
than 5% vacancy defects for larger system sizes. The grid size (or
resolution) used for the search over the parameters may
generally be diﬀerent from one another.
In particular, to determine optimal pressure p for a given
target crystal, we generally start with a grid size of 0.50 within the
range of [0, 2.50] in the units of ϵ/σ2, where ϵ is the energy scale
of the potential and σ is the diameter of the particle. We then
employ a smaller grid size of 0.10 in the vicinity of the promising
candidate values found in the ﬁrst stage if necessary. The grid
size continues to be decreased to smaller values (e.g., 0.01), if we
fail to obtain relatively defect-free target structures in the
previous stages. At each ﬁxed p, if the resulting structure is one
with large voids, we need to increase p; on the other hand, if the
resulting structure is a highly-coordinated one, like the triangular
lattice, p needs to be lowered. For other parameters in the patchy
potential, one stage of a grid search with a ﬁne grid is generally
suﬃcient to ﬁnd optimal values since the resulting structures are
not very sensitive to these parameters. Speciﬁcally, we employ a
grid size of 0.05 and π/12 for the search of optimal λ and θ,
respectively. Moreover, we ﬁnd that the structures essentially
remain unchanged with respect to variations of θ within certain
small intervals, consistent with ground-state degeneracy found
in previous works.38−40
C. Procedure for Obtaining Low-Temperature Structure of a Given Patchy Potential. We employ the simulated
annealing Monte Carlo approach17 to obtain the low-temperature equilibrium structure of a given patchy potential. We apply
periodic boundary conditions and set the initial shape of the
simulation box to be a square. We start with random initial
conﬁgurations. At each step, a trial move can be a small random
displacement or rotation of a randomly selected particle or a
small random deformation of the simulation box, with the
probabilities of occurrence of these three events given by pt, pr,
and pb. We set pb = 1/(5N − 4) and pt = pr = (1.0 − pb)/2, where
N is the number of particles in the system. The trial move is
accepted with probability

for applications, such as waveguides, optical circuits, and other
photonic devices.1,33,34 The square and honeycomb crystals also
possess complete phononic bandgaps,35 and the kagomé crystal
is a promising magnetic material, since it naturally leads to spinfrustration when the system contains antiferromagnetic
interactions.36 We show that these target crystals can be realized
with relatively few defects at suﬃciently low, yet experimental
realizable temperatures (not necessarily ground states).28
Moreover, we demonstrate that our 2D target structures can
be robustly achieved in the laboratory by depositing particles
onto a surface and then allowing them to self-assemble into
target crystals within the plane. In the cases of kagomé and
parallelogrammic crystals, experimental realization can be
achieved by creating net surface charges at speciﬁc sites of the
particle surfaces.
The rest of the paper is organized as follows: in Section II, we
describe how we adapt the inverse statistical mechanics
approach to the general case of anisotropic patchy potentials.
In Section III, we present our optimized parameters for the
robust assembly of 2D square, honeycomb, kagomé, and
parallelogrammic crystals. We oﬀer concluding marks and
discussion in Section IV.

II. METHODS
A. General Scheme of Inverse Statistical Mechanics
Approach. In a previous work, Zhang, Stillinger, and Torquato
developed an improved inverse statistical mechanics approach.17
Speciﬁcally, they ﬁx the pressure p rather than the speciﬁc
volume v = V/N of the system, where N is the number of
particles and V is the volume. At constant p and N, the classical
ground state is achieved by the global minimum of the
conﬁgurational enthalpy per particle
h(r N ) = Φ(r N )/N + pv

(1)

This approach minimizes the occurrence of encountering phase
separation and allows the box to fully deform such that no
symmetries of the box are imposed, which facilitates ﬁnding the
true enthalpy-minimizing structure during the simulations.17
As a ﬁrst step, a list of competitor structures associated with
the target structure is identiﬁed by running many instances of
forward simulations. Next, an objective function and the
nonlinear “Subplex” optimization algorithm37 are carefully
chosen to obtain optimal potential parameters and pressure
that favor the target structure over its competitors. In particular,
the objective function in ref 17 involves the product of the
curvature of the enthalpy surface around the target structure and
the enthalpy diﬀerence between the target structure and the
lowest minimum (except the target structure) of the enthalpy
surface. The choice of this objective function is essential for the
robust self-assembly of some of the complex target structures
reported there.
B. Inverse Approach for Patchy Interactions. In the
context of patchy interactions, it is diﬃcult to ﬁnd an appropriate
objective function, such as the ones used in previous works,1,16,17
since the family of patchy potentials contain a singular hard-core
interaction and are discontinuous radially and angularly (see
Section III for detailed functional forms of the potential).
Therefore, a full-blown optimization of the parameters for given
target crystals is practically very challenging to carry out through
the use of standard optimization algorithms. Given this technical
diﬃculty, we instead search the parameter space of p, θ, and λ in
a discrete manner via a multistage grid-search approach to

l
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1,
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−
)o
m
}
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o
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~

(2)

where kB is the Boltzmann’s factor, T is the temperature of the
system that is set initially high and gradually decreases according
to a cooling schedule, and Hold and Hnew are the enthalpies of the
system before and after the trial move. Here, we employ the
“thermodynamic cooling schedule” with a dimensionless
thermodynamic speed vs/ kB = 2.5 × 10−5 ,41 which automatically sets the number of Monte Carlo moves at each
temperature stage. Trial moves are repeated until the temperature T drops below a threshold value, which we set as kBT/ε =
0.1. This termination temperature is achievable under standard
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laboratory conditions. Note that due to the discontinuous
nature of the potential, when the kinetic energy kBT is much
smaller than the energy scale ε of the attractive part of the patchy
potential, the equilibrium structure of the system is essentially
the same as the ground state.

III. RESULTS
We start with the following parameterized interaction due to
Kern and Frenkel23,29
N

Φ(r N ) =

∑ u2(rij)
(3)

i<j

l
∞,
o
o
o
o
o
o
o
o
o− ε ,
u 2(rij) = m
o
o
o
o
o
o
o
o
o 0,
n

where u2(rij) is given by
if rij < σ
if σ < rij < λσ , n̂ i·riĵ ≥ cos θ
and n̂ j·rjî ≥ cos θ
otherwise

(4)

rij is the vector from the center of particle i to that of particle j, rij
≡ |rij|, r̂ij ≡ |rij|/rij, n̂i is the unit normal vector of the patch on
particle i that is closest to particle j, σ is the diameter of the hard
core, and λ and θ are the radial range and the half angular width
of the patches, respectively. This type of patchy particle
interaction is illustrated in Figure 1 and subsequently we will
probe its limitation in terms of generating 2D crystals.

Figure 1. Illustration of the patchy interactions given by eq 4, where the
repulsive cores and attractive patches of the particles are colored blue
and red, respectively. In this example, each particle has two patches
equally spaced (180° apart) over the surface of the particle. The angular
width and radial range of the patches are given by 2θ and λ, respectively.

Figure 2. (a) Self-assembly of perfect simple square lattice by particles
with hard cores and four attractive equally-spaced patches over each
particle. The optimized parameters are found to be λ = 1.05, θ = π/12,
and p = 1.20. (b) Self-assembly of perfect honeycomb lattice by
particles with hard cores and three attractive patches equally spaced on
each of the particles. The optimized parameters are found to be λ =
1.05, θ = π/12, and p = 0.42.

Subsequently, we tune the parameters λ, θ, and the pressure p
to obtain the aforementioned targeted relatively defect-free
crystals in simulations. For the simple square crystal, we use four
identical patches centered at the angles consistent with the
tetravalent coordination of this crystal. For each choice of λ, θ,
and p, we perform simulated annealing17 of a system with N = 64
particles (see detail of the simulated annealing procedure in
Section II). We ﬁnd that when λ = 1.05, θ = π/12, and p = 1.20,
the particles self-assemble into a perfect simple square crystal, as
shown in Figure 2a. The corresponding eﬀective packing
fraction of the colloids (the fraction of space covered by the hard
cores of the colloids) ϕ is 0.75. We also study a larger system
with N = 225 particles and are able to obtain a square crystal with
only a few vacancy defects (a vacancy percentage less than 5%)

via simulated annealing. We note that the presence of defects
could be due to kinetic trapping in Monte Carlo simulation, as
mentioned elsewhere.19 This does not necessarily occur in
experiments, which can usually access much larger time scales.
The few defects found in our simulations likely arise because we
are considering equilibrium structures at low temperatures (not
ground states) where thermal excitations induce defects.
For the honeycomb crystal, we employ similar procedures as
those for the square crystal, except that we use N = 50 particles
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and three identical patches equally spaced on the surface of each
particle, which is consistent with the trivalent coordination of
this crystal. We ﬁnd that when λ = 1.05, θ = π/12, and p = 0.42,
the particles self-assemble into a perfect honeycomb lattice, as
shown in Figure 2b. The corresponding eﬀective packing
fraction of the colloids ϕ is 0.58.
For the kagomé crystal, we ﬁrst attempt to employ particles
with two identical patches,29 but only allow the particles to
rotate within the plane. However, we ﬁnd that at diﬀerent
pressures, the resulting structures are dense triangular crystal (as
shown in Figure 3), which is a competitor structure favored over

Figure 4. Illustration of the patchy interactions given by eq 5, where the
repulsive and attractive regions of the particles are colored blue and red,
respectively. Two particles experience attraction when they approach
each other in angles within the angular range of the patches and hard
repulsion when they approach each other through surfaces not covered
by patches. The angular width and radial range of the patches are given
by 2θ and λa, respectively, and the radial range of the directional hard
repulsion is given by λr.
Figure 3. Representative conﬁguration of a dense triangular crystal by
the self-assembly of particles with hard cores and two attractive equallyspaced patches over each particle. Importantly, this is a competitor
structure favored over the target kagomé crystal at diﬀerent pressures.

= 1.10, λr = 1.50, cos θ = 0.84, and p = 1.50, the particles selfassemble into a perfect kagomé lattice, as shown in Figure 5a.
The corresponding eﬀective packing fraction of the colloids ϕ is
0.64. This example shows that open low-density crystal
structures may not necessarily be achieved with only very
short-ranged patchy attractions at the obvious coordination
sites. This issue may be especially important in three dimensions
for highly symmetric crystals. However, for low-density threedimensional targets with low symmetry, such as the tunneled
crystals,42 optimally placed patches may be suﬃcient to achieve
such open crystals via self-assembly, although this remains an
open question. This is because in these cases, the arrangement of
patches prohibits the hexagonal-close-packed or face-centeredcubic crystals from being competitors at intermediate pressures,
as these dense crystals are energetically unfavorable.
Besides the kagomé crystal, we also attempt to obtain
parallelogrammic crystal through the inverse design of the type
of potential described in eq 5. Speciﬁcally, our goal is to obtain a
parallelogrammic crystal with lattice parameters b/a = 1.30 and
α = 67°, where a and b are the lengths of the two lattice vectors,
and α is the angle between the two lattice vectors. We employ N
= 36 particles, with two patches equally spaced on the surface of
each particle. Through similar procedures as those for the
kagomé crystal, we ﬁnd that when λa = 1.05, λr = 1.30, θ = π/12,
and p = 1.50, the particles self-assemble into a perfect
parallelogrammic crystal, as shown in Figure 5b. The
corresponding eﬀective packing fraction of the colloids ϕ is 0.61.
In addition, we investigate how sensitive the self-assembly is
to deviations of the pressure from the targeted value. We ﬁnd
that for all of the systems studied, the resulting structures are
very similar (except for a slight change in the number of defects)
when the pressure varies by as much as 25% around the target
value, implying the robustness of our results. This bodes well for
their experimental realization. Moreover, we ﬁnd that the
optimal parameter values determined in this work for the selfassembly of the target square and honeycomb crystals are

the desired kagomé crystal. This is because the triangular crystal
is enthalpically more favored at any positive pressure since there
is no energy penalty associated with the formation of triangular
crystal, and the triangular crystal is denser than the kagomé
crystal. We also try four variable-sized patches centered at the
angles consistent with the tetravalent coordination of this
crystal, and the resulting structures are dense triangular crystal as
well. These results suggest that additional interactions are
required to prohibit the triangular lattice from being a
competitor. We note that in the experimental work,28 additional
electrostatic repulsions between equator portions of the particles
are indeed mentioned. This prompts us to incorporate
additional directional repulsion into our potential.
Speciﬁcally, we consider
l
∞ , if rij < σ , or
o
o
o
o
o
o
o
σ < rij < λrσ , n̂ i·riĵ ≤ cos θ
o
o
o
o
o
o
o
and n̂ j·rjî ≤ cos θ
o
o
u 2(rij) = m
o
o
o
−ε , if σ < rij < λaσ , n̂ i·riĵ ≥ cos θ
o
o
o
o
o
o
o
and n̂ j·rjî ≥ cos θ
o
o
o
o
o
o 0, otherwise
(5)
n
where λa, λp are the radial ranges of the directional attraction
between patches and repulsion between equator portions of the
particles, respectively, and the deﬁnitions of other parameters
are the same as those in eq 4. This directional pair interaction is
illustrated in Figure 4. We employ two identical patches equally
spaced on the surface of each particle and perform simulated
annealing of a system with N = 48 particles. We ﬁnd that when λa
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directional repulsion beyond the hard cores were needed for the
formation of kagomé and parallelogrammic crystals.
Our computational ﬁndings provide optimal parameters to
experimentalists to synthesize these crystals using standard
techniques28,43−46 and laboratory conditions while being robust
with respect to pressure changes from the target pressure value.
This strongly suggests that our targeted structures should be
straightforward to achieve in the laboratory. In particular, the
directional repulsion between particles in the cases of kagomé
and parallelogrammic crystals can be realized in experiments by
ionizing certain portions of the particle surface and creating net
surface charges.28
Although we focused on targeting several diﬀerent 2D crystals
here, the same inverse approach can be generalized to design
optimized patchy potentials for a variety of more complex
structures in two dimensions, as discussed in a previous work27
(e.g., zigzag lanes) as well as nontrivial targets in three
dimensions, e.g., pyrochlore crystals, which possess useful
photonic properties.8 Importantly, it is highly desirable in a
future work to identify an appropriate objective function and
develop a full-blown optimization technique for the inverse
design of anisotropic patchy interactions for various target
crystals, including those studied in this work. Such a new
technique will be much more eﬃcient and preclude the use of
visual inspection in the current optimization algorithm that
discretely searches the parameter space.
It is instructive to point out the diﬀerences between our
inverse approach and previous conventional forward studies of
patchy particles.47−50 Those forward studies generally focused
on the investigation of the phase diagrams of certain
parameterized potentials, and the resulting structures are not
known a priori. Our goal, on the other hand, is to obtain
relatively defect-free target crystals that are known a priori by
optimizing the parameters via a multistage grid-search approach.
Moreover, in those forward studies of patchy particles, the
parameter values are usually evenly distributed in the parameter
space, and there is no real parameter optimization process in an
inverse manner, even in a coarse sense. This is consistent with
their goal of determining the phase diagrams for a given
potential and is distinctly diﬀerent from our inverse approach.
Nonetheless, it would be interesting to study the full phase
diagrams of the potentials that have been identiﬁed in this work
(including parameter ranges that were not investigated in this
work). This is especially the case for the potentials that involve
directional repulsions and attractions that we employed to
obtain kagomé and parallelogrammic crystals. A natural
extension of our work is the investigation of the exotic structures
that may emerge in colloidal systems with short-ranged
directional attractions and longer-ranged isotropic radial
repulsions.51

Figure 5. (a) Self-assembly of perfect kagomé lattice by particles with
directional repulsions and two attractive equally-spaced patches over
each particle, as described by eq 5. The optimized parameters are found
to be λa = 1.10, λr = 1.50, cos θ = 0.84, and p = 1.50. (b) Self-assembly of
perfect parallelogrammic lattice by particles with directional repulsions
and two attractive equally-spaced patches over each particle, as
described by eq 5. The optimized parameters are found to be λa = 1.05,
λr = 1.30, θ = π/12, and p = 1.50.

consistent with those reported in a previous forward study for
these crystals.27

IV. CONCLUSIONS AND DISCUSSION
In this work, we employed the inverse statistical mechanics
approach to determine optimized patchy interactions that
enable the robust self-assembly of relatively defect-free lowcoordinated crystals in two dimensions at ﬁxed pressure and
suﬃciently low temperatures, including square, honeycomb,
kagomé, and parallelogrammic crystals. Note that suboptimal
parameters not only increase the number of defects, but also may
lead to a completely diﬀerent structure, like the triangular lattice.
We found that although isotropic hard-core repulsion and
directional attraction between patches were suﬃcient for the
formation of square and honeycomb crystals, an additional
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(16) Marcotte, É .; Stillinger, F. H.; Torquato, S. Designed Diamond
Ground State via Optimized Isotropic Monotonic Pair Potentials. J.
Chem. Phys. 2013, 138, No. 061101.
(17) Zhang, G.; Stillinger, F. H.; Torquato, S. Probing the limitations
of isotropic pair potentials to produce ground-state structural extremes
via inverse statistical mechanics. Phys. Rev. E 2013, 88, No. 042309.
(18) Chen, D.; Aw, W. Y.; Devenport, D.; Torquato, S. Structural
characterization and statistical-mechanical model of epidermal
patterns. Biophys. J. 2016, 111, 2534−2545.
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(48) Munaò, G.; Preisler, Z.; Vissers, T.; Smallenburg, F.; Sciortino, F.
Cluster formation in one-patch colloids: low coverage results. Soft
Matter 2013, 9, 2652−2661.
(49) Preisler, Z.; Vissers, T.; Smallenburg, F.; Munaò, G.; Sciortino, F.
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